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I. INTRODUCTION 

Deduced from different approaches related to the quantum gravity (QG) such as black hole physics [il,i 
and string theory ii, a minimal length was predicted The fundamental idea is simple. The string is 
conjectured not to interact at distances smaller than its size, which is determined by its tension. Information 
about the string interactions would be included in the Polyakov loop action . The existence of a minimal length 
leads to generalized (Heisenberg) uncertainty principle (GUP) At Planck (energy) scale, the corresponding 
Schwarzschild radius becomes comparable to the Compton wavelength. In presence of gravitational effects, 
the higher energies (Planck energy) result in further decrease in the Schwarzschild radius Aa; and therefore, 
Ax ~ £^piAp/h. From this observation and the ones deduced from various gedanken experiments it was 
suggested that the GUP approaches would be very essential, especially at some concrete scales of energies and 
distances. 

According to the Heisenberg uncertainty principle (HUP), which represents one of the fundamental properties 
of quantum systems, there should be a fundamental limit for the measurement accuracy, with which certain 
pairs of physical observables, such as position and momentum and energy and time, can not be measured, 
simultaneously. In other words, the more precisely one quantity is measured, the less precise the other one shall 
be detected. In quantum mechanics (QM), the physical observables are described by operators in Hilbert space. 
Given an observable A, an operator is defined as a standard deviation of A, AA = A— (A), where its expectation 
value reads ((AA)^) = (A^) — (A)^. Using Schwartz inequality [ 3 ] {a\a){f3\l3) > |(a|/3)p, which is valid for any 
ket- and bra-state la) = AA|a ) and \B) = AB\B ), respectively. In Dirac algebra, Cauchy-Schwartz inequality 
implies that (AA)^ {ABf > i|(AA AH)|2, 

AAAB > i|(AAAH)|. (1) 

In Heisenberg algebra, the position and momentum operator, x and p, respectively, satisfy the canonical 
commutation relation [x,p\ = xp — px = ih. As a consequence, their measurement uncertainties. Ax and Ap, 
respectively, (Heisenberg uncertainty principle) are related to each other (in natural units) 

AxAp>^. (2) 

In detecting an arbitrarily small length scale, one has to utilize tools of sufficiently high energy (high mo¬ 
mentum) and thus very short wavelength. This is noting but the the principle of the high-energy collid- 
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ers/accelerators. But, there are reasons to believe that at high energies, the gravity becomes dominant. Thus, 
the linear indirect relation between energy and wavelength should be violated. 

The detectability of quantum space-time foam with gravitational wave interferometers was discussed @ and 
criticized due to the limited measurability of the smallest quantum distances. Furthermore, Wiener 

inequalities uflini were implemented in describing the quantum constraints on the black-hole lifetime [l2j| . 
which is proportional to the Hawking lifetime. The latter is to be calculated under the assumption that the 
black hole is a black body and therefore it follow Stefan-Boltzmann law. It was found that the Schwarzschild 
radius is correspondent to the constraints on Wigner size and the power of information processing in black hole 
can be estimated through the emission of Hawking radiation [T^ . 

The relationship between the minimal length and maximum momentum is presented. As introduced in 
previous sections, there are various approaches to GUP proposing the existence of nonvanishing minimal length 
that leads to non-commutative geometry. 

Recently, it was proposed that GUP would also arise naturally in the horizon wave-function formalism, which 
is obtained from modelling the electrically charged source in the inner Gauchy horizon of Reissner-Nordstrom 
black hole as a Gaussian wave-function Significant ranges for the black hole mass and the specific charge 

were found, for which the probability of realising the inner horizon becomes negligible. The latter suggests the 
existence of a minimum black hole mass and eventually a minimum charge, and that any semiclassical instability 
expected near the inner horizon may not occur in quantum black holes. 

The present review article is organized as follows. The modihed dispersion relation are introduced in section 
cn The space noncommutativity is reviewed in section Hill Section HVl discusses the Lorentz invariance violation 
and their experimental tests. The quantum-gravity-induced birefringence effect is elaborated in section [V] The 
origin of minimal measurable quantities shall be summarized in section IVll 

In section lVlIl we summarize the behavior of some well-known expressions for GUP. These expressions contain 
quadratic term of momenta with a minimal uncertainty on position. In section FVI A[ we shall investigate the 
modification of the uncertainty relation due to the high-energy hxed-angle scatterings at short length such as 
the string length. In section IVIBl the uncertainty relation through various gedanken experiments which are 
designed to measure the area of the apparent horizon of black hole is reviewed. These thought experiments 
assume QG due to recording the photons of the Hawking radiation, which are emitted from the apparent 
horizon. Due to quantized space-time of the QFT and the geometric approach to curvature of momentum 
space, an algebraic approach can be expressed in the coproducts and the description of the Hopf-algebra [l^ 
leading to modihed commutation relation between position and momenta, section FVI Cl In section fVI Dl a new 
commutation relation containing a linear term as an addition of the quadratic term of momenta and predicts 
of the maximum measurable of momenta, shall be investigated. 

In section rVHIl the relations describing the minimal length uncertainty are outlined. Two proposals for the 
modihcation of the momentum operator are introduced. The proposal of a minimal length uncertainty with a 
further modihcation in the momentum shall be reviewed. The main features in Hilbert space representation of 
QM of the minimal length uncertainty will be studied. Furthermore, their difficulties are also listed out. We 
show how to overcome these difficulties, especially in Hilbert space representation. 

In section m the GUP approaches relating to string theory and black hole physics (lead to a minimum 
length) and the ones relating to DSR (suggest a similar modihcation of commutators) shall be studied. The 
main features and difficulties in Hilbert space representation will be reviewed, as well, and we show how to 
overcome these difficulties. 

In section IS other alternative approaches to GUP such as the one suggested by Nouicer |l27j| . in which an 
exponential term of momentum and minimal length appears, shall be introduced. This approach agrees well 
with the GUP which is originated in the theories for QG. There is another approach coming up with higher 
orders of the minimal length uncertainty and maximal observable momentum. Finally, we compare between 
these approaches. 

Before introducing GUP approaches, we review the possibilities of modifying the dispersion relations, section 
El and space noncommutativity, section ED 


II. MODIFIED DISPERSION RELATIONS 

There are various experimental measurements indicating that the Lorentz invariance principle would be 
violated, at high energies SIS- The velocity of light c is conjectured to differ from the maximum attainable 
velocity of a material body. Such a small adjustment of c leads to modification of the energy-momentum relation 
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and to add possible Sv [isl - f^ to the dispersion relation in vacuum state, which could be sensitive to a type of 
candidate QG effect, that has been recently considered in particle physics literature. In additional to that, the 
possibility that the relation connecting energy and momentum in special relativity may be modified at Planck 
scale because of the threshold anomalies of ultra-high energy cosmic ray (UHECR) is conventionally named 
as modified dispersion relations ^DRs) [22l - [^ . Successful searches would discover a connection between the 
particle physics and cosmology |18l - l^ . The speed of light is not limited to that. Various research works are 
devoted to studying the modification of the energy-momentum conservations laws of interactions, such as pion 
photo-production through the inelastic collisions of the cosmic-ray nucleons with cosmic microwave background, 
and the higher energy photon propagating in the intergalactic medium which would suffer from inelastic impacts 
with photons in the infrared background and results in an enhanced production of electron-positron pair. [32|,[33j . 


A. Modified dispersion relation and generalized uncertainty principle 


Many researches of loop-quantum-gravity studies |34l - l36j support of the possibility of a Planck-scale modified 
energy-momentum dispersion relation. In particular, two ways for the Planck-scale modification of the energy- 
momentum dispersion relation are considering in Refs. [3J-l3g: 

• The first one is p{E) as an expansion with leading Planck-scale correction of order Lp 

~ -I- Oi Lp 


-2 

P 


,E^ 


( 3 ) 


• The second one, in which the function p{E) admits an expansion with leading Planck-scale correction of 
order LpE‘^ p^ . 


-2 

P 


~E^-m^ + a2 Lp E\ 


( 4 ) 


For a particle of rest mass M, the position can be measured by a procedure involving a collision with a photon 
of energy E and momentum p. Due to Heisenberg uncertainty principle, for determining the uncertainty in 
position 5x one should use a photon with momentum uncertainty dp > IjSx. On the other hand, on loop 
quantum gravity [s^, dp > 1/dx. This can be converted into dE > 1/dx. By using the special relativistic 
dispersion relation, dE > 1 /dx and M > dE. 

If the loop quantum gravity indeed implies modified dispersion relation hosts at Planck scale. Eq. this 
can be deduced from dp^ > Ijdx. It turns to be necessary to have p^ . 


M> — 
dx 


I — 02 


5Ll 

2{dxy 


( 5 ) 


It is obvious that these results are valid for a particle, which was at rest [s^ ■ The generalization of these results 
to be applicable for the measurement of the position of a particle with energy E, is a straightforward task. In 
case of standard dispersion relation, one obtains that E > 1/dx, as required for a linear dependence of entropy 
on area. 


• For the dispersion relation, Eq. ®, that 


E > 


dx\ “"2((5:c)2j’ 


which fulfils the requirements of derivation of a leading-order correction of log-area form. 


• For the dispersion relation, Eq. m, 


1 


dx 




L > — l-kOl-r^ 


dx 


( 6 ) 


( 7 ) 


In string theory, the proposed reversed Bekenstein argument leads, 

dx > ^ -I- Agd. (8) 

dp 

This is a generalisation of the uncertainty principle. In Eq. ([5]) , the scale As is the effective string length, which 
apparently characterizes a length scale that might approach the Planck length. 
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B. Modified dispersion relation in UHECR and TeV-GRB 


Furthermore, the energy-momentum uncertainty due to the quantum gravity origin the modification of the 
energy-momentum dispersion relation for such observations as ultra-high energy cosmic rays (UHECR) (3^ 
Idoj i based on pion photo-production by inelastic collisions of cosmic-ray nucleons with the cosmic microwave 
background (CMB) p + 'y{CMB) —^p + n, with energy exceeding the Greisen-Zatsepin-Kuzmin (GZK) cutoff 
in order of x 10^° GeV. Another observation 20 TeV y-rays events [4l| for high energy photon propagating can 
suffer inelastic impacts with photons in the Infra-Red background resulting in production of an electron-positron 
pair 7 -|- 7 (/i?) —>• e"*" -|- e“. Regarding very high energy, the uncertainty of energy-momentum reads as 

Sp>p(;^y (9) 

where a = 1, 2/3 corresponding to the fluctuations of the metric of such models Sgfj,i, > Ip/l and dg^ip > 
with respectively [s^ . For the energy exceeding the UHECR events and the y-events in the scattering process, 
where incoming particle of momentum pi and energy Ei collides with photon with energy lo tends to produce 
two energetic particle with momenta p 2 and pa and energies E 2 and i? 3 , the energy-momentum dispersion 
relation reads as 


Ei = + ( 10 ) 

where i = 1, 2, 3. The possible modification MDR already given [3^ . we consider the energy-momentum 
conservation 


{Ei + 5Eif = {pi + 6pif + m-, 


for high energy Ei Ri pi becomes 


E,, 




— + Ti¬ 

pi E2: 


( 11 ) 


( 12 ) 


where p some parameter var ying 
dispersion relation becomes j33| 


for different particle species and consider 5pi — SEi 


r]py~^°'^ /2Ep, the modified 


E,^c^k^ + r,E^ , (13) 

where p = ck, c speed of light, while the speed of massless photon reads as[^. 

dE 


The important result here, the photon speed is energy dependent. The energy-momentum dispersion relation for 
the individual particles participa ting in a collision with the UHECR and 7 TeV violated the Lorentz invariance 
energy-momentum conservation |33j Although in the presence of the IR/UV mixing (43 - l43| gives one sort of 
modified dispersion relations. 


1 , . ( E 

+“)(:& 


(14) 


2 _ . 77'2 —Q I 

m Ki E — p + 




-I- ..., 


(15) 


where a is parameter depend on various aspects of the field theory, for a —>■ 0 , the standard dispersion relation 
will be obtained. The photon dispersion relation in QG would be 


p^c^ + = E{E + 


E^ 1 
Eqg) 


(16) 


where the limit of Eqg in order of the Planck energy. 
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III. SPACE NONCOMMUTATIVITY 

In eliminating the point-like structure, the space noncommutativity (NC) was proposed as an alternative 
to GUP, and MDRs. Within noncommutative geometry, several attempts have been performed to find modifi¬ 
cation of Bekenstein-Hawking formalism of black hole thermodynamics [1^ . Accordingly, the evaporation 

of black hole ends at vanishing temperature and extremal remnant should have no curvature singularity. The 
basic idea of noncommutative constructions is that the commutator of two spacetime coordinates taken as op¬ 
erators, no longer vanishes (T7j |. Space noncommutivity is conjectured to smear out the matter distributions on 
a scale associated with the so-called turn-on of noncommutativity. The smearing can be taken to be essentially 
Gaussian. 


A. Atomic structure 

The idea of noncommutativity has been triggered by results from string theory [i^- ldsl - l^ . That the spacetime 
becomes noncommutative and gets an evidence of the necessity of spacetime quantization is to be originated 
in Ref [3 IS [S [12| • The noncommutative geometry in string theory within B-field and the st ring dynamic 
limits have been described by a minimally coupled gauge theories on a noncommutative spa c e 1481 . l49| . The NG 
spacetime structure in very special relativity satisfies the modified dispersion relation [^, , point-particle 

Lagran gian [ssj] and also was introduced for charged particles in presence of an external electromagnetic inter¬ 
actions 1 ^ . 

Noncommutativity of spacetime can be given as 

(17) 

where 0^’^ is an anti-symmetric matrix determining the fundamental discretization and/or quantization of the 
phase space. The NC algebra of physical quantities is associated with a microscopic system based on de Broglie 
and Schroedinger wave equations. The latter possess all information about the structure of systems such as 
hydrogen atom [s^ . The description of such systems becomes simple when given in algebra of some observable 
quantities. The time evolution of these observable quantities are commutative and can be given as a series [s^, 

= (18) 
k 

where Ui is the fundamental frequency and rii is an integer, {n,^) = and the time evaluation of 

the observed quantity can simply be obtained from the Heisenberg picture (Poisson brackets {a, 6} = ih[a,6]), 
{H,q} = dq{t)/dt |57j| . One defines H as, a. particular physical quantity which plays an important role in defining 
the total energy. This is given by its coefficients =0, B i ^ j, = hvi, where h is Planck’s constant, 

i.e. a constant converting frequencies into energies. 

The results discussed so far show that a simplistic structure on a manifold such as phase space appears as 
deformation in the parameter h, while the algebra of the functions can be replaced by noncommutative algebra, 
for instance the gauge desecration of bosons in a noncommutative geometry [s^, . 


B. Quantum field theory 


The framework of QFT differs from the one of QM. The QM Hamiltonian formulation allows to the repre¬ 
sentation in phase-space coordinates, while the one of the earlier formulates the Lagrangian. This difference 
does not allow the description of a system in both theories, straightforwardly, i.e. a method of treating the 
coordinates noncommutativity is needed Him. 

The existence of a minimal length determines the noncommutative and this in turn effects the noncommuta¬ 
tivity by changing the nature of the coordinates, Eq. (HZi), [Hill. The first test of a successful formulation of 
NG QFT tends to UV/IR mixing and defies renormalization group expectations [Hill- In QFT framewrork, 
a mean value of a function of the positions g{xi, X 2 ) is assumed. When introducing the set of operators [H,iil> 


Z = + 1 x 2 ), 


and = —=(x\ — ix^)^ 

V 2 


(19) 
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a quantum field on a noncommutative plane, ZjZ"^ can be recognized as creation/annihilation operators, re¬ 
spectively, and satisfy the commutation relation IZ,Z'^] = 9. The corresponding eigenstates 

Z\Z) = z\Z), and {Z\Z^ = {Z\z. (20) 

The normalized states satisfy the coherent states of NC 

\Z) = exp (-||) exp |0), (21) 

where |0) is the vacuum state. The noncommutativity and plane wave, respectively, can be defined as 0,1111, 

5 ( 2 ) = J ^:^f{p){z\exp{ipjx^)\z), ( 22 ) 

{z\exp{ipjx^)\z) = {z\exp{ip+Z^)exp{p_Z\)exp(J^^^[Z\Z]^\z), (23) 


where p± = {pi ± ip 2 )jV^- The plane wave of noncommutative generates a Gaussian distribution 0,1111, 


= ^exp ( 


(24) 


where the function f{p) = const, expresses maximum momentum, which is related to the minimal length 
uncertainty and proportional to Vd. The commutative space leads to 0 —^ 0. 

The solution can be estimated by the Dirac delta function. Another important result of Ref. 0, Ull is the 
establish of the Feynman propagator in momentum space. In the same way, one can redefine the Feynman 
propagator of the path integral for non-relativistic free particle in the noncommutative plane [bol Hfj 

Gs{x - y,E) = J -^^exp{ip{x-y)}Ge{E-,f), (25) 

where the Green function in the momentum space Ge{E;j^) = (27r)“^ exp (—0^/2)/[A -|- 0, [ll| has a 

large momentum cut-off of space 9. Furthermore, the relativistic limit gives. 


Gs{x - yim^) = N j D^EpDe 

^ £ P,dx^ - £ T £r){p^ + 


exp < i 


where e(T) is a Lagrange multiplier, which includes the proper time t so that dtS t — dreir) 
Finally, the relativistic form reads, 


(26) 


= 1 MM. 


Gg{x-y,m^) = El j dte j - ?/^) exp 


-{t + 9) 


jfl 


d^p 


3*P''("''-^")Ge(p2;m2). 


Jo (27r)3 

The corresponding Green function is Gg(p^;m^) = (27r)“^ exp (—0p^/2)/[p^ + m^] 0,0. 


(27) 


C. Noncommutativity space algebra 

The HUP is strongly related to the canonical commutation or the commutative phase-space structures. When 
HUP should be broken down due to GUP, the GUP being compatible to the string theory or the quantum 
gravity and excepted to presence of the minimal length scale or maximum momentum scale, the precision of 
the position coordinate tends to such a large accumulation of momentum coordinate or energy density on the 
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canonical uncertainty that the latter can appreciably alter the space-time metric. An operational form of the 
noncommutative (NC) phase-space structures shall be observed. The generic expressions were introduced in 

Ref. [iiil 

[Xi, Pj] = ih [6^j {1 + 13 fi (p2)) -f /2 (p^) p^Pj] , (28) 

[xi, Xj] = ihf,j{p) ^ 0. (29) 

The presence of a minimum length or a maximum momentum or both of them apparently leads to GUP 
originated in the NC algebras. Accordingly, Kempf proposed the following algebraic relations: 


[xi,pj] = ih 

[xi^Xj] = ih 
[Pz,Pj] = 0. 

Other algebraic relations were introduced in Ref. 


kj {1 + Pp^) + P p^Pj , 

{j3 - 2 / 3 ) {xiPj - XjPi ), 

0 


[xi,pj] = ihSij {1 + I3p^), 

[xijXj] = -2ihj3 {xiPj - XjPi), 
[Pi,Pj] = 0. 


Recent algebraic relations have been presented 

[xi,pj] = ih 6ij {1 +Pp^) + P piPj+0{I3^,I3'^) 

(2/3-/3')+ (2/3 + /3') /3p 


[xi,Xj] = ih- 
[P^,PJ] = 0 . 


1 + Pp"^ 


{XiPj - XjPi) , 


(30) 

(31) 

(32) 


(33) 

(34) 

(35) 


(36) 

(37) 

(38) 


The GUP approaches which are consistent with the NC algebras offer the possibility for space discreteness 
and/or quantization. In other words, the physical states of space should be non-commute. Despite that the 
physical states can not be measured, simultaneously, the space discretization seems to be possible. 


IV. LORENTZ INVARIANCE VIOLATION 

The suggestion that the Lorentz invariance (LI) principle may represent an approximate symmetry of nature 
dates back to about four decades [gl, [g^. When studying the Compton wavelength of the particle of interest, 
the Heisenberg uncertainty principle combined with finiteness of the speed of light c leads to creation and 
annihilation processes The space-time foamy structure at small scales comes up with LI violation (LIV) 
as a likely conse quen ce. A self-consistent framework for analysing possible LIV was suggested by Coleman 
and Glashow [^, [^. In gamma ray bursts (CRB), the energy dependent time offsets were investigated from 
standard cosmological model in different energy bands l73j[. An energy dependent modification of the 
standard relativistic dispersion relation, section m is seen as a manifestation for LIV. The redshift dependence 
of the time delays due to LIV has been found very weak. A comprehensive review on the main theoretical 
motivations and observational constraints on Planck scale suppressed LIV is given in Ref. and the references 
therein. At energies approaching the Planck scale, various theoretical indications (such as quantum gravity 
scenarios and loop quantum gravity [zl) that LI breaks down because of the need to cut-off the UV divergences 
in QFT [t^. Studying the Planck scale itself turns to be accessible in quantum optics 0. 

In General Relativity, the local Lorentz invariance principle representing rotations and boosts which are 
local symmetries of nature and the weak equivalence principle stating that gravity is flavor independent are 
two ingredients of the Einstein equivalence principle. Deep understanding of gravity at all scales is strongly 
connected with experimental prove for these principles at all scales. The local Lorentz invariance is obviously 
limited to the matter-gravity couplings [t^. Following Coleman-Glashow recipe, an effective field theory for 
general local LIV can be formulated as a Lagrange density (Einstein Hilbert term, cosmological constant. 







and series of operators of increasing mass dimension). The latter represents corrections to known physics at 
attainable scales [zl, [t^ 

Due to LIV, the dispersion relation of a photon having distant origin, momentum p and energy E would be 
a subject of a tiny modification [s^ 





(39) 


where E is an energy scale (Planck energy ~ yj{hc^)IG ~ 1.22 10^® GeV), at which gravity is to be quantized 
and rj stands for positive or negative LIV. Apparently, the lowest order term is expected to dominate the series, 
especially a.t E <^ £. The photon propagation speed reads, 


v{E) 


dE 

dp 


fl 


^ 2 

UJ J 


(40) 


When two particles (photons) with two different energies Eh > Ei are emitted at the same time and from the 
same distance location, they arrive on Earth with a time delay At{E). The speed of arrival can be calculated 
from Eq. (HU)) . We make a further step and want o estimate the possible GUP correction, section IVIII The 
momentum of such a particle would be a subject of a tiny modihcation so that the comoving momenta reads 

m 


p = p{l-apo + 2a'^pl) , (41) 

= p'^ (l - 2 apo + 10 c? pI) , (42) 

where po is the momentum at low energy and ag is dimensionless parameter of order one. In this co-moving 
frame, the dispersion relation is given as 

= p"^ {1 — 2 a Po) + . (43) 

When taking into consideration a linear dependence of p on a and ignoring the higher orders, then the Hamilto- 

1/2 

nian H= (p2c2 — 2 ap^ c^) . By implementing the relation between comoving and physical momenta 

Pi/ = Puoito)/ait), where a is the scale factor, the velocity is 


v{t) 


1 

a{t) ^2 _ 2a P^ + M 2 c^) 

—^ [1 — 2q!Po — A + apo (2A — B + B A)]. 


(44) 

(45) 


where A = M^c^/(2p^) and B = M'^A/{p^c^ + M'^A). In the relativistic limit, p ^ M, the fourth and fifth 
terms in Eq. (H51) simply cancel each other 


v{z) 


c{l + z) 


1 - 2 a (1 + z) Pj,o 


Ml A Ml A 

2(l + z)2p2^ + “2(l + z)3p3^_ ’ 


(46) 


where z denotes the redshift. In getting this expression, po is treated as a comoving momentum. Then, the 
change in the relative velocities 


Au(z) 


ac ( -2 (1 + z)^Pi,o + 


MlA 


2(1 




Ml A 

2(1 + z)pl^ ■ 


(47) 


Recent Fermi-Large Area Telescope observations of four bright gamma-ray bursts (GRBs) reveal robust and 
stringent constraints on the dependence of c on energy (vacuum dispersion relation), which is a form of LIV 
[soil . Measure the helicity dependence of the propagation velocity of photons originating in distant cosmological 
objects is one of the experimental tests of LIV. Strong upper limits on the total degree of dispersion were 
determined. A high degree of polarization was observed in the prompt emission [8l|. The existing constraint 
on LIV arising from the phenomenon of vacuum birefringence, section El could be improved by four order of 
magnitude. 
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V. PLANCK-SCALE INDUCED BIREFRINGENCE EFFECT 

Some QG models assign remarkable properties to the space-time at very short distances; near the Planck 
length, empty space may behave as crystal, singly or doubly refractive. Measuring the space refractivity and 
birefringence induced by gravity is one of the experimental tests for LIV and properties of the possible minimal 
length. Furthermore, the birefringence effect is once of the constraints related to time of flight. 

In quantum electrodynamics (QED), gamma and electron are the relevant particles to test LIV. Thus, the 
dispersion relation of photon, sections m and lIVi can be utilized in deriving the gravity-induced birefringence. 
The Myers-Pospelov model introduces an effective field theory for the QED Lagrangian [s^ , 

C = + ^n^F^sn^d^{nfie^^'y^F^x) , (48) 

with mass-dimension five corrections, the second term which is quadratic, gauge invariant, and not reducible to 
lower-dimension operators, nor to a total derivative. The mass-dimension five term is Lorentz invariant, except 
for which is an external four-vector characterizing the preferred frame and violates LI. 

Assuming a pure-time vector n“ = {uq, 0, 0,0), then Eq. (l48l) can be rewritten as 

c = 

Then, under boost transformation, it violates LI but preserves the space isotropy [H, ^ can be taken of 

order one. 

When focusing on birefringence (dispersion relation) emerging from Myers-Pospelov Lagrangian with E = hui 
and p = hk, the photon dispersion cab be given by [Slj 

-- = (50) 

where the sign is determined by the photon chirality (circular polarization). During the propagation of linearly 
polarized photon, the chirality leads to rotation of the polarization (vacuum birefringence). The averaged 
rotation angle along distance d is 


Ae{p) = ^[a;+(fc)-a;_(fc)]^C^^, (51) 

where uj± = \k\{\±^k / Mp). The right-hand side of Eq. (lM|) . A9{p), and d can be determined from astrophysical 
observations. Accordingly, an upper limit can determined, for instance for GRB041219A 


2 MpA9{k) 
d 


(52) 


Gomparing this result with the relevant regime, ^ 1, explains the importance of additional symmetries. 

Among others, the black hole entropy is affected by GUP [85|. Furthermore, the associated quantum effects 
in entropic gravity would modify the Newtonian gravitational law [s^ . Despite, the latter is negligibly small, 
the coupling to electromagnetism should be taken into consideration 


VI. ORIGIN OF MINIMAL MEASURABLE QUANTITIES 

The chronon, a hypothetical fundamental or indivisible interval of time taking the value of the ratio between 
the diameter of the electron and the velocity of light proposed by Robert Levi [s^ in 1927, would be considered as 
the fist minimum measurable time interval (^ 10“^^ s) proposed. Within this time interval, Special Relativity 
(SR) and QM are conjectured to unify in framework of QFT. The impossibilit y t o resolve arbitrarily small 
structures with an object of finite extension has been observed in string theory [a. l88l - [^ . The string scattering 
in super-Planckian regime would leads to GUP. This apparently prevents a localization to better than the String 
scale. 
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Modes with energies exceeding the Planck scale have to be taken into account in calculating the emission rate. 
This is because of the infinite blueshift of photons approaching a black hole horizon. These trans-Planckian 
problems were discussed in 1970s M- In 1995, Unruh suggested a modihcation in the dispersion relation 
to deal with this difficulty. Therefore, the smallest possible wavelength is the one that takes care of the trans- 
Planckian problem. Starting from a generalization of the Poincare algebra to a Hopf algebra, a modihcation in 
the commutators of the space-time coordinates to solve the trans-Planckian problem has been proposed [l^ . 

The peculiar role of gravity to test physics at short distances has been observed It was showed that 
the role of gravity should not mean increasing in the Heisenberg measurement uncertainty. Snyder believed 
that the cut-off in momentum space should be a ’’distasteful arbitrary procedure” (5lj |. Therefore, instead of 
cut-off, a modihcation of the canonical commutation relations of both position and momentum operators has 
been proposed. Accordingly, noncommutative space-time or modihcation of the commutation relations increase 
the Heisenberg uncertainty such that a smallest possible resolution of structures can be introduced. A minimal 
length scale does not need to be in conhict with the Lorentz invariance principle. 

Utilizing fundamental limits governing mass and size of any physical system to register time dates back to 
nearly six decades, quantum clock [l^ . [llj | in measuring distances. This was given as constraints on smallest 
accuracy and maximum running time as a function of mass and position uncertainties. While Heisenberg 
uncertainty principle requires that only one single simultaneous measurement of both energy and time can be 
accurate, Wigner second constraint is more severe. 

That the gravity might not be a fundamental force dates back to Bronstein i.e. gravity does not allow 
an arbitrarily high concentration of mass in a small region of space-time (Schwarzshild singularity [1^). For a 
test-particle, the minimal measurable distance, the gravitational radius G Vic?., should by no means be larger 
than its linear dimensions [^. Thus, an upper bound on density p < c? can be determined and 

the possibilities for measurements become even more restricted than from the commutation relations [H, . A 

quantum theory of gravitation is thought to generalize the uncertainty relations to Christoffel symbols. Due to 
impossibility of concentrating mass in a region smaller than its Schwarzschild radius, uncertainties in measuring 
average values of Christoffel symbols have been introduced [96 


Heisenberg found that Fermi the ory o f /3—decay 



is non-normalizable and accordingly refined a 


fundamental minimal length, cut-off [l0l|. Later one, he also proposed an idea that QM with a minimal length 


scale would be able to account for t he di screte mass spectrum of the elementary particles [102|, i.e. singularities 
in QFT became better unde rstoo d [l03j| . Due to Lorentz invariance principle, discrete approaches to space and 
time remained unappealing [l03l| . 

Based on QFT and to overcome singularities in fundamental theories, a fundamental length was necessary, 
i.e. regularization such as cut-off was used. Since cut-off would not be independent of the frame of reference, 
problems with the Lorentz invariance principle would appear. The hnding that the effect of regularization with 
respect to cut-off should be the same as that of a fundamentally discrete space-time dates back to the 1930’ s 


|I02l Il04| . A fundamental finite length or a maximum frequency was not unknown in these years [I05l - ll08 1. 
Therefore, the fundamental length was thought to be in the realm of subatomic physics, 10“^® m. 

In founding minimal length, the main milestones can be summarized as follows 


• Singularities in fundamental theories (such as /3—decay) lead to cut-off a minimal length scale in QM. 

• Distasteful arbitrary cut-off procedure leads to modification in the canonical commutation relations of 
both position and momentum operators. 

• Gravity at short distance and ”gedanken” (thought) experiments lead to various scenarios suggested for 
minimal length scale are connected with some gravitational aspects. 

• Trans-Planckian problem (black hole thermodynamic properties) leads to modihcation in the dispersion 
relations. 


• QM (QFT) with a minimal length scale leads to modihcations of the canonical commutation relations in 
order to accommodate a minimal length scale. 

• String theory leads to generalized uncertainty principle (GUP) based on string scattering in the super- 
Planckian regime. 







11 


A. String theory 

In order to guarantee QG consistency at Planck scale, a GUP approach was proposed by Amati et al. 0. 
Analysis of ultra high-energy scatterings of strings played an essential role. Some interesting effects are compared 
to the ones, which have been found in usual field theories, especially the ones originating from the soft short- 
distance behavior of string theory Q. The hard processes are studied at a short distance as in high-energy 
fixed-angle scatterings. The latter are apparently not able to test distances shorter than the characteristic 
string length As = where a is the string tension. 

Another scale is dynamically generated. The d-dimensional gravitational Schwarzschild radius R{E) ^ 

(GjvA)i/(^-3) 

is conjectured to approach the string length As Q- This depends on whether R{E) smaller 
or greater than As. If R{E) > As, then new contributions at distances of the order of R{E) appear. This indi¬ 
cates a classical gravitational instability, which can be attributed to the black hole formation. If the opposite 
should be the case {R{E) < As), then their contributions are irrelevant. Obviously, there are no black holes 
with a radius smaller than the string length. In light of this, the analysis of short distances can go on. It has 
been shown that the larger momentum transfers do not always correspond to shorter distances. Precisely, the 
analysis of the angle distance relationship suggests the existence of a scattering angle 9m ■ When the scattering 
should take place at 0 < 6m, then the relation between the interaction distance and the momentum transfer 
is the classical one, i.e. follows the Heisenberg relation with q ^ h/b, where b is the impact parameter. But 
when 9 3> 9m, then the classical picture is no longer valid. An important new regime where {q) ~ b would be 
constructed. This suggests a modification of the uncertainty relation at the Planck scale Q 

Ax ^ +Y a Ap, (53) 

Ap 

where U is a suitable constant. Gonsequently, the existence of a minimal observable length of the order of String 
size As is likely. 

Tools of ”gedanken” string collisions at the Planck energy have been very useful Si- In addition to these, 
the renormalization group analysis has been applied to the string Q . 


B. Black hole physics 


Several works have been devoted to perform the uncertainty relations and their measurability bounds in 
[l|. Thought experiments have been proposed to measure the area of the apparent horizon of a black hole j^. 
Accordingly, a generalization of th e uncertainty principle was deduced, which agrees well with the one stemming 
from the string theories A main physical ingredient was the Hawking radiation M- The black hole 

approach to GUP, which is a rather model independent approach, agrees, especially in its functional form, with 
the one obtained in framework of the string theory. 

The thought experiment proceeds by observing the photons scattered by the studied black hole. The main 
physical hypothesis of the experiment is that the black hole emits Hawking radiation. Detecting the Hawking 
radiation, it turns to be possible to grab a black hole ’’image” M- Besides, measuring the direction of the 
propagating photons that are emitted at different angles and tracing them back, one can - in principle - locates 
the position of the black hole center . In such a way, the radius Rh of the apparent horizon will be measured. 
Apparently, this measurement has two sources of uncertainty [l|. 

• The first one is based on the fact that a photon with wavelength A cannot carry information about a 
more detailed scale than A itself [l|. As in the classical Heisenberg analysis, the resolving power of the 
microscope gives the minimum error ^ A/ sin0, where 9 is the scattering angle. Then, the final 

momenta should have the uncertainty Ap ^ /isin(0)/A. During the emission process, the mass of the black 
hole varies from M to M — AM [I|, where AM = h/{cX). The radius of the horizon changes, accordingly. 
The corresponding uncertainty is intrinsic to the measurement. 

For example, the metric element of Reissner black hole [n3 is given as 




2MG 



2MG 


GQ2\ 

r2 J 


dr'^ - r^dVt^. 


(54) 
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Also, the apparent horizon is defined as the outer boun dary of a region of closed trapped surfaces. In 
spherical topology and Boyer-Lindquist coordinates , the apparent horizon is located at r = 


Rh = GM 


1 + 1 - 




GM^ 


1/2-1 


(55) 


The Boyer-Lindquist coordinates are a generalization of the coordinates used for th e m etric of a 
Schwarzschild black hole. This can be used to express the metric of a Kerr black hole |ll2j |. Accord¬ 
ingly, the line element for a black hole with mass M, angular momentum J, and charge Q reads 

ds^ = —— {dt — K sin^ {9) d(j}) ^ ^ ^ + K^) d(j) — K dt) ^ 

2-1 2-i 

+ ^dR^ + ^de^, (56) 

where A = R^ — 2MR + E = cos^(d) and K = J/M. In Boyer-Lindquist coordinates, 

the Hamiltonian of a test particle is separable in Kerr space-time. From Ha milto n-Jacobi theory, a fourth 
constant of the motion can be deriyed. This is known as Carter’s constant [ll3j| 

• The second source of uncertainty is the case, when 1 — 2G/r + GQ/r^ yanishes. In ID and for M ^ AM 
and = G M^, the position uncertainty reads 

Ax^^'> = GM ± \/G2(A/ + AM)2 - GQ^, (57) 

> GV2MAM >^AM = (58) 

By means of inequality A/ sind > A, the uncertainty in Ax^^'^ and the quantity itself can be combined, 
linearly 


Ax > 


X + K — 

A 


(59) 


where Ax ^ +c GAp or Ax ^ ^ + PAp, with k is a constant. The other numerical constant /3 cannot 
be predicted by the model-independent arguments presented so far. It is natural to inyestigate whether 
the relation giyen in Eq. dSHl) reproduces what was obtained considering only a yery specific measurement. 
This principle would assure that the results should haye a more general yalidity in QG. 

In a gedanken experiment of a micro 4-dimensional black hole [m, another approach has been deduced. This 
approach is giyen as function of time and energy. When position with a precision Aa: is measured, the quantum 
fluctuations of the metric field around the measured position with energy amplitude can be expected as AE ^ 
ch/{2 Ax). The Schwarzschild radius associated with the energy fluctuation AE is giyen as = 2 G^y AEjc^. 
The energy fluctuation AE would grow up and the corresponding the radius Rg would become larger and larger, 
until it reaches the same size as Ax. As it is well known, the critical length is the Planck length, Rg = Ax = Ip, 
where Ip = Gn^/c^ and the associated energy is the Planck energy Cp = hcl{2 Ip) = yj’hc’ jGjq 12. 

When the discussion is limited to the Planck energy, the Schwarzschild radius Rg is considerably enlarged. The 
situation can be summarized by the inequalities Ax > Cp or ^ 3 ; > 2GnAE/c^ => AE ^ Cp. 

If these two inequalities are combined linearly, then 


Ax > 


ch 

2AE 


2GnAE 


(60) 


This is a generalization of the uncertainty principle to the cases in which gravity gets very important, i.e. to 
energies of order of Cp. We have discussed this in connection with the various colliders and the indirect relation 
between energy and wavelength. We noticed that this relation might be violated at very high energy due to 
the dominant role of gravity at this energy scale. It is obvious that the minimum value of Ax is reached for 

~ Cp, Ax^j^ 2lp. 
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C. Snyder form 


A relationship between a dual structure and the associated product rules fulfilling certain compatibility 
conditions is introduced by the Hopf algebra [l^ . An additional structure was found in this geometric ap pro ach. 
The curvature of momentum-space is expressed in terms of c oproduct s and antipodes of the Hopf algebra [1^ . In 
light of this, a theory for quantized space-time was proposed (^Ill5 |. In resolving the infinities problem in early 
days of QFT different possibilities are investigated. A de-Sitter space with real coordinates ( 779 , 771 , 772 , ^ 3 , %) was 
taken into account. By choosing different parametrizations of the hypersurface than the ones proposed in Ref. 
0 , one can also use different coordinates in the momentum-space. One such parametrizations, coordinates tTj^ 
are related to Snyder basis [l^ : 


Vo 


V^ 


Vi 


—rUp sinh 



—TTi exp 



—rrip cosh 



2 TUp 


exp 



2 777, 


■ exp 



(61) 

(62) 

(63) 


where on the hypersurface 774 is not constant and is the bicrossproduct basis of the Hopf algebra [iq . 

The positio n X and time T operators, which act on functions of variables ( 770 , 771 , 772 , 773 , 774 ), respectively, are 
defined as [iiini 


A, 

T 


( d d \ 

V dr]i dr]4j 

ia / d d \ 

c V dr]i dr]ij 


(64) 

(65) 


where 7 = 1 , 2, 3 and a is a natural unit of length. Also, the energy Pi = (fi/a) r]i/r] 4 , and momentum operators 
Pt = {h/a)r]o/r]i Ill5l |. Thus, the commutators between positions and momenta read 


[Ai, Pj] — ih 



( 66 ) 


where p._ 


D. Doubly Special Relativity 

Doubly relativistic theories are group of transformations with two Lorentzian invariants |ll 6 l |. the constant 
speed of light and an invariant energy scale. By parametrizatio n wit h respect to an invariant length /, a nonlinear 
realization of Lorentz transformations (P, p) was proposed [HI- Thus, the auxiliary-linearly transforming 
variables e, and tt, respectively, read 


e = Ef{lE,l^p^), 
TTi = Pig{lE,Pp^) . 


(67) 

( 68 ) 


With rotations realized as linearly depending on the dimensional scale |116l |. the two functions / and q 
param etrize nonlinear realization of Lorentz transformations. Corresponding to the choice of / and g |118l ? 
- [T^ . Lorentz transformations of energy-momentum of a particle in different inertial frames should differ from 
the transformations, which recover a nonlinear realization of the Lorentz transformation, when IE 1 and 


<C 1 


/ = 


JE 


a-lEl 




IE IE 


= e 


JE 


9 


(69) 

(70) 
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For a particle of mass m, the energy and momentum are related to each other (l — = 

[ni? 41^ . Accordingly, exp(/A) = (cosh(Z m) + \J cosh^(/ m) — (1 — Pp^))/ (l — ■ Furthermore, the 

upper bound on the momentum reads p^ax < 1/^^- This suggests the existence of a minimal measurable length 
restricting the momentum to take any arbitrary valu e. At the Planck scale, this leads to a maximal momentum 
due to the fundamental structure of space-time lllfill . 

Following commutation relation given in Ref. |116l | 


= ih 



cosh {lm)\ 


(71) 


it is obvious that when the mass m becomes much larger than the inverse of the length scale /, a classical 
phase-space is approached. This result obviously relates the transition from quantum to classical behavi or w ith 
a corresponding modification in QM. The latter is induced by a modification of the relativity principle |llfil |. 

_ If we consider massless particle, then exp(l E) = 1/1 — I |p| and the commutation relation should be modified 


[Xi, Pj] = i h [{1 - I \p\) Sij + l'^ Pi Pj] . 


(72) 


When the mome ntum approaches its maximum value, a non-trivial limit for the canonical commutation relation 
shall be reached [m. 


VII. APPROACHES FOR GENERALIZED (GRAVITATIONAL) UNCERTAINTY PRINCIPLE 

Based on the various GUP approaches Q, the existence of a minimal length suggests that the space in the 
Hilbert space representation [66[ describes a noncommutative geometry, which can also arise as a momentum 
over curved spaces From vario us gedanken experiments designed to measure the area of the apparent 

horizon of a black hole in QG [l2lj . the uncertainty relation was preformed [I|. The modified Heisenberg 
algebra introduces a relation between QG and Poincare algebra Il2lll. I n an n-dimensional space and unde r the 
effects of GUP, it is found that even the gravitational constant G |122|| and the Newtonian law of gravity |ll4| 
are subject of modifications. The interpretation of QM throu gh a quantization in 8-dimensional manifold implies 
the existence of a n upp er limit in the accelerated particles |l23j |. Nevertheless, the quadratic and linear GUP 
appro aches flleElIIl assume that the momenta approach the maximum value at very high energy (Planck 
scale) [13. 

Another GUP approach fits well with the string theory and the black hole ph ysics (with quadratic term of 
momenta) and with doubly special relativity (DSR) (with linear term of momenta) [l24| . This approach predicts 
a minimal measurable length and a maximum measurable momentum, simultaneously and suggest s that th e 
space should be quantized and/or discritized. But, it has severe difficulties discussed in Refs. |l25l . Il26j| . 
Therefore, 

• a new GUP approach is conjectured to absolve an extensive comparison with Kempf, Mangano and Mann 
(KMM) [ei] and 

• another GUP approach was introduc ed to characterize a minimal length uncertainty and a maximal 
momentum, simultaneously, flM fl ^ . 

The latter has been performed in Hilbert space |l27j |. Here, a novel idea of minimal length modelled in terms 
of the quantized space-time was implemented. Thus, this new approach agrees well with quantum field theory 
(QFT) and Heisenberg algebra, especially in context of non-commutative coherent states repr esent ation. The 
resulting GUP approach can be studied at ultra-violet (UV) finiteness of Feynman propagator [l27j| . 

The Quantum Gravity (QG) describes the quantum behaviour of gravitational field and unifies the Quantum 
Mechanics (QM) with the General Relativity (GR). As we discussed in previous sections, there are different 
approaches such as string theory, black hole physics and double special relativity, in which likely the Heisenberg 
uncertainty principle (HUP) is conjectured to be violated. Accordingly, various quantum mechanical systems 
would be subjects of modification. 

The consistent unification of the classical description of GR with QM still an open problem. One attempt 
assumes that the two theories can be used as a guiding principle to the search of a fundamental theory of QG. 
Another one gives several arguments ranging from theoretical analysis in string theory to more sophisticated or 
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even ”gedanken” experiments in order to measure the minimal length. Accordingly, a new contribution to the 
quantum uncertainty with a gravitational origin leading to a length scale as a Planck length in the determination 
of space-time coordinates can be concluded. 

Various observations point to the applicability of the different GUP approaches towards interpreting the 
influenc es of the minimal length on the properties of a wide range of physical systems, especially at quantum 
level [3, [Til Eli. The effects of linear GUP approach have been studied on 

• recent cosmic inflation observations [l28j| . 

• Newtonian law of gravity [sj . 

• Inflationary parameters and thermodynamics of the early Universe [l29j| . 

• Physics of compact stars |l3Cll |. 

• Lorentz invariance violation Ea and 

• Measurable maximum energy and minimum time interval [l3lj . 


Regardless so me a, pplicability constraints, the effects of QG on the quark-gluon plasma (QGP) are also intro¬ 
duced, as well |l32| . It was found that the GUP can potentiall y explain the small observed violations of the weak 
equivalence principle in neutron interferometry experiments |133l - ll35l |. and also predicts a modified invariant 
phase space which is relevant to the Lor entz tran sformation. It was suggested that GUP can be measured 
directly in quantum optics laboratories EM Ell. Furthermore, deformed commutation relations would cause 
new difficulties in quantum as well as in classical mechanics. We give a list of some of these problems as follows. 


• 1-dimensional harmoni c oscillato r with minimal uncertainty in position [66j | and minimal uncertainty in po- 

sitio n and momentum and d-dimensional harmonic oscillator with position minimal uncertainty 

EMEU, 

• problem of 3-dimensional Dirac oscill ator |l42l| and the solution of (1 -I- l)-dimensional Dirac oscillator 
within Lorentz covariant algebra [l43j| . 




1- a nd 3-dimensional Goulomb problem within deformed Heisenberg algebra in 

EM, 


perturbation theory |l44l - 


• scattering problem in deformed space with minimal length EM], 

• ultra-cold neutrons in gravitational field with minimal length [I50l - ll52 |. 


• influence of min i mal length on Lamb shift, Landau levels, and tunnelling current in scanning tunnelling 

microscope EM, EM 

• Casimir effect in a space with minimal length EM, 


• effect of non-commutativity and the existence of a minimal length on the phase space of cosmological 

model EM, 

• various physical consequences of non-commutative Snyder space-time geometry EM, 

• classical mechanics in a space with deformed Poisson brackets [M,E13EM- 


On one hand, these approaches provide essential predictions. DSR suggests a possibility to relate the transition 
from the quantum behavior at the microscopic level to the classical behavior at the macroscopic level with the 
modification of QM induced by a modification of the relativity principles. Thus, the laboratory tests should be 
able to judge about these theories. On the other hand, the predictions remain uncertain due to the limitations of 
the current technologies. Nevertheless, the min i mal length has been observed i n condensed matter and atomic 
physics experiment s, su ch as Lamb shift |l36l EM, Landau levels [l36L EM, the Scanning Tunnelling 
Microscope (STM) |l36j |. 

As discussed, it seems that HUP likely breaks down at energies close to the Planck scale. Taking into account 
the gravitational effects, an emergence of a minimal measurable distance seems to be inevitable. More generally, 
the generalized (gravitational) uncertainty principle (GUP) can be expressed as [M 


AxAp > - (l -I- a{Ax)'^ -I- /3(Ap)^ -|- 


(73) 
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where both /3 and C are positive and independent variables. The uncertainties in position Ax and momentum 
Ap may depend on the expectation values of the operators x and p, respectively; ( = a{x)‘^ + (3{p)‘^. 

According to HUP, the position minimal uncertainty Axq ^ 0 is finite but Axmin oc Ap^ax is proportional 
(^ . Therefore, [x, p] = iH (l + ax^ + /3 p^) describes the resulting commutation relation. In QM, both x and 
p can be represented as operators acting on position- and momentum-space wavefunctions, ^(x) = {x\4>{x)) 
and 4'{p) = {p\4>{p)), respectively, where |x) and \p) are the position and momentum eigenstates, respectively. 
Both operators x and p are essentially self-adjoint. Their eigenstates can be approximated to an arbitrary 
precision by sequences of the physical states \4>n) of the increasing localization in position- lim„_>.oo Ax\^^) = 0 
or momentum-space lim„,^n o A'p \ ^^\ = 0 . 

As pointed out in Refs. |159L Il60l| . with the inclusion of minimal uncertainties Axq > 0 and/or Apo > 0, 
this situation changes, drastically. For example, a non-vanishing minimal uncertainty in position is given as 
(Ax) {^\^\^))^ \4’) A Axo,—^ I/)), implying that no physical state would exist with such a 

position eigenstate [g^. This is because an eigenstate would of course have vanishing position uncertainties. 
It is apparent that a minimal position uncertainty means that the position operator is no longer essentially 
self-adjoint but symmetric. The preservation of symmetry assures that all expectation values should be real. 
When self-adjointness is abandoned, the introduction of minimal uncertainties is likely 

Because of the absence of position eigenstates |x) in representation of the Heisenberg algebra, the Heisenberg 
algebra no longer finds Hilbert space representation on the position wavefunctions (x|(/(x)) [66j. In light of 
this, the discussion should be restricted to Axq ^ 0 and therefore a = 0 , where there is no minimal momentum 
uncertainty. Similarly, a minimal momentum uncertainty is conjectured to abandon the momentum space 
wavefunctions . This allows to work with the convenient representation of the commutation relations on the 
momentum space wavefunctions 


AxAp > - (l 4-/3(Ap)2-f C) 


(74) 


where the constant is positive and related to the expectation value of the momentum, = j3{p)‘^. 


VIII. MINIMAL LENGTH UNCERTAINTY 

Due to HUP, it exists no restriction on the measurement precision for the p article’s position. Ax. This minimal 
position uncertainty can be made arbitrarily small even down to zero [l20j. The theoretical argumentation to 
avoid such a limit is reviewed in earlier sections. It is obvious that going down to such a limit is not essentially 
the case of the framework of GUP, because of the existence of a minimal length uncertainty, which obviously 
modifies the Hamiltonian of the physical system leading to modifications, especially at the Planck scale, in the 
energy spectrum of the quantum system, which in turn predict small corrections in the measurable quantities. 
As discussed i n sectionlVIIl this has be en observ ed in condensed matter and atomic physics experi men ts, such 
as Lamb shift |l36l . Il53j| , Landau levels [I36lll53| |. and the Scanning Tunnelling Microscope (STM) |l36l| . Thus, 
a hope arises that the quantum gravity effects may be observable in the laboratory. 

We review two GUP approaches suggesting the existence of minimal length uncertainty. We summarize the 
mean features to each of them in Tab. IX Cl In sec tion IVHI Al we show the proposal of the minimal length 
uncertainty with momentum modification |l36l Il53l| . In section IVHIBI we study the main features in Hilbert 
space representation of QM for the minimal length uncertainty | 66 | |. 


A. Momentum modification 

Via Jacobi identity, the GUP approach modifies the Heisenberg algebra as follows. 


[xi, pj]=ih ((5y(I + Pp^) + 2PpiPj) , (75) 

This ensures that [xi, Xj] = [pi, pj] = 0. Thus, both position and momentum operators read 


— ^ 02 ; 

Pj = P0 j{^ + PpI)- 


(76) 

(77) 














17 


It is obvious that Pq = Y^^^PojPoj satisfies the canonical commutation relations [xoi, poj] = ifiSij and poj is 
defined as the momentum at low-energy scale; poj = —ih{d/dxoj), while Pj is considered as the momentum at 
high-energy scale. 

As discussed earlier, the introduction of a minimal length leads to modification in the canonical commutation 
relations, while the position space at the Planck scale must differ from the position in the canonical system, 
because the absence of zero-state in the position eigenstates. Thus, it is useful to modify the position space 
rather to allow for modification in momentum space. The latter leads to non-commutation of space [xi, Xj\ ^ 0. 

From the assumptions given in Eqs. (1751) and dZTl), it is impossible to utilize Hilbert representation for the 
position space, since no zero physical state exists. With the definition of the modified momentum at the highest 
energy scales, Eq. (1771) . the non-commutative values of the momentum states [pi, pj] ^ 0. We conclude that 
this approach fails to be represented in the Hilbert space. 


B. Hilbert space representation 

We discuss a generalized framework to implement the appearance of a non-zero minimal uncertainty in the 
position. The discussion can be confined to exploring the applications of such a minimal uncertainty in the 
context of non-relativistic QM. Various features of the Hilbert space representation of QM, especially at the 
Planck scale, were introduced [i^ . 

AxAp > (78) 

The seco nd te rm, 1^ (Ap)^/fi^, finds its origin in nature of the spacetime at the Planck energy Cp (of 10^® 
GeV) Il2r)j |. The simplest GUP approach implies the appearance of a non-zero minimal uncertainty Axq 

Ax Ap > ^ +/3 {Apf) , (79) 

where j3 = Pa/{MpC^) = P^lp/hP is the GUP parameter. 

As a non-trivial assumption, the minimal observable length is conjectured to have a minimal but non-zero 
uncertainty. Therefore, the Hilbert space representation on position space wavefunctions of ordinary QM 
is no longer possible, as no physical system with a vanishing position eigenstate |x) is allowed [b^. In light of 
this, a new Hilbert space representation which should be compatible with the commutation relation in GUP, 
Eq. (j79ll . must be constructed. This means working with the convenient representation of the commutation 
relatio ns on momen tum space wavefunctions [b^. Accordingly, the Heisenberg algebra of GUP is given as 

fH.l^. fMfl59l4Ib^ 


[x, p] = ih {I+Pp"^) . (80) 

The Heisenberg algebra can be represented in the momentum space wavefunctions (j){p) = {p\(j){p)) and dp = 
ih{d/dx) 

P • Pip) = ppip), (81) 

X • Pip) = ih{l+ Pp^) dppip), (82) 

where X and P are symmetric operators on the dense domain Aoo with respect to the scalar product {p\p) = 
f^oo i+Pp‘^ 4>* ip)'4’ip)j the identity operator i+Pp'^ \p){p\ = 1 the scalar product of the momentum 

eigenstates changes to (p\p ) = (l -I- Pp'^) 5 {p — p^. While the momentum operator essentially still self-adjoint, 
the functional analysis of the position operator as expected from the appearance of the minimal uncertainty in 
positions should be changed. For (Ap)^ = (p^) — (p)^ 

Ax Ap > (1 + /3 (Ap)^ -k P (p)^). (83) 

This relation can be rewritten as a second-order equation for Ap. Then, the solutions for Ap are [b^ 


Ap = 



± 



(p)A 


(84) 
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A minimum position uncertainty Axminiip)) = + P (p)^- Therefore, the absolutely smallest uncertainty 

in position, where {p) = 0, Aa:o = h\/p. There is a non-vanishing minimal momentum uncertainty. 

For Hilbert space representations, one has to resort a generalized Bargmann-Fock representation 
instead of working on position space. Here, the situation with non-zero minimal positio n uncertainties should 
be specified. At n-dimensions, the generalised Heisenberg algebra, Eq. (1791) . reads 


[Xi, Pj] =ih {\+ p-f) 

(85) 

which requires that 


bi, Pj] = 0, 

(86) 

in order to allow a generalization of the momentum space representation 


'P^■p{p) = Pi Pip), 

(87) 

Xj • P(p) = ih[\P dp,Pip), 

(88) 

and dp, = i h{d/dpi). It turns to be obvious that 


[X„X,] = 2*/i/3(P,X,-P,X0, 

(89) 


leads to a non-commutative geometric generalization of the position space. 

Furthermore, the commutation relations, Eqs. (1551) . (1551) and (1591) do not violate the rotational sym¬ 
metry (^ . In fact, the rotation generators can be expressed in terms of position and momentum op¬ 
erators hij = (X.i Pj — XjPi)/(l -|- /3p^), where their representation in momentum wavefunctions 
'Lij ip{p) = — ih {pidp^ ~ Pj 9pi) '4’{p) essentially the same as encountered in ordinary QM. However, the 

main change now appears in the relation 

[xi, Xj\ =-2ih(3 13-p'^'^ Lij. (90) 

Once again, this relation reflects the noncommutative nature of the spacetime manifold at the Planck scale. 


1. Eigenstates of position operator in momentum space 

The position operators generating momentum-space eigenstates are given as 

X(/>a(p) = A(/)a(p), (91) 

ih [1 + Pp^) dp(l)x{p) = A(/)a(p). (92) 

This differential equation can be solved to obtain formal position eigenvectors 4>\{p) = 

C eyip>{—i\/{h\fP) tan“^ \fPp) [13- ^-PPlyi^g the normalization condition, the formal position eigenvectors 
in momentum-space can be found (/>a(p) = \/ x/P /tt eyip{—i A/ {h\/P) tan“^ \/Pp) [i3- This is the generalized 
momentum-space eigenstate of the position operator in the presence of both a minimal length and a maximal 
momentum. To this end, we calculate the scalar product of the momentum space eigenstate of the position 
operator |(/>a(p)) [^ - 


(</>a'I<^a) 


fBI n exp(-f(A- a') 

^ J-oo 1 + ^'/P) tan“^ xfPp 

2hy/p , /(A-A') 

— --TT sm - :^Tr 

TT (A — A ) y 2hy/P 



(93) 


As function of A — A normalized to hy/P, {py \p\) was studied [b^. It was found that the standard position 
eigenstates are no longer orthogonal, because the formal position eigenvectors \p\) are not physical states, i.e. 
not part of the domain of p. In other words, they have infinite uncertainty in momentum and in particular 
infinite energy (^px |p^/(2m)| px) = divergent [bbl |. 
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2. Maximal localization states 
2l\ / Ami 


The maximum localization around position states {^4’^'' X = C, and Axmin = Axq depends on 

(p), which satisfy the inequality [1^ 


{x-{x)) + (p-(j>)) 


c,p] 


2{Apf 


> 0 . 


This implies 


AxAp > - |([a;,p])|. 


For first-order GUP parameter, we can use the approximate relation [ii, IH^, HH, [THl 

|([x, p])| Ri ih {1 +P{Apf + (3{py) . 

In the momentum space and from Eqs. (ISTl) and (15^ . this gives the differential equation [ 


(94) 


(95) 


(96) 


2 (Ap )2 


which can be solved as 


-(l + /3(Ap)2+/3(p)2) 

4>(p) ~ Cil + Pp^) 


exp 


(x) {l + (3 {Apf + 4 {p)^) {p)\ _i, , 

nwf- mtKpf -j‘“ 


(97) 


At (p) = 0 and critical momentum uncertainty (Ap)^ = 1//3, the absolutely maximal localization reads 

C'W » C(l + ,3p“)-4 

The momentum space wavefunctions |(/)™^) of a maximum localization around C reads 


(98) 


C (p) = 




, p 2^-5 I -Ctan 1(V?P)^ 

+ exp(-.- ir^^) 


(99) 


These states generalize the plane waves in the momentum-space and describe maximal localization in the 
ordinary QM. This leads to proper physical states with finite energy 


€ 


ml 


2m 


4f ) = 


1 


2V? dp p" _ _ 

TT j{I + (3p^Y 2m 2m(3' 


( 100 ) 


3. Transformation to quasiposition wavefunctions 

Through projecting arbitrary states on maximally localized states, the probability amplitude for the particle 
being maximally localized around a position can be obtained. For quasiposition wavefunction (j>(.C) = {4^’'\4) 
[6^, where in the limit j3 ^ 0, the ordinary position wave function 4(0 = (Cl?^)- The quasiposition wavefunction 
of a momentum eigenstate 4p{P) = ^ip ~ P) with energy E = p^/2m is characterized as a plane wave. The 
transformation of the wavefunction in momentum representation into its counterpart quasiposition wavefunction 
is given as @ 


4{0 


hTS 

r dp 

'. C tan ^(v^p)' 

V TT j 

o CjaP 

-oo (1 + jdp^)^ 

L \ 


4{p)- 


( 101 ) 
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In terms of modified dispersion relation, the wavelength is given as 


X{E) 


2 Tih^/p 
tan“^ yJ2 m 13 E 


( 102 ) 


In absence of GUP, we get Aq = no wavelength components is allowed which is smaller than Aq. 

Furthermore, no arbitrarily fine ripples are possible, because the energy of short wavelength diverges when the 
wavelength approaches Aq 


The dependence of \{E) on mE has been studied in ordinary QM and GUP approach at j3 = 0.2 [^. It 
is obvious that Eq. (I102D is bounded from below and thus a nonzero minimal wavelength is likely. While 
the transformation, Eq. (IIOIL is Fourier type, that of a quasiposition wavefunction into a momentum-space 
wavefunction reads 


(j){p) = 


dC 


8n (l + / 3 p 2 )-i /2 


exp 


—i ■ 


c tan 


m- 


(104) 


IX. MINIMAL LENGTH UNCERTAINTY: MAXIMAL MOMENTUM 


A. Momentum modification 


Based on DSR, the GUP approach suggests modifications in the commutators [IT 

[x^,pj] = i H (Sij {1 + Pp'^) + 2l3p,pj) = i h [{1 - lpi\p\)S,j + IpiPiPj] . 


[x^,pj] = ih 


Pi P 

5ij -l- ai p Sij + 02 - - + Pi p^ Sij -l- P 2 Pi Pj 


Then from Jacobi identity, it follows that 

- [[xi,Xj],Pk] = [[Xj,Pk],Xi] + [{pk,x^],Xj] = 0, 


ai — 02 

P 


+ {ol + 2Pi - P 2 ) 


^jki — O 5 


(105) 

(106) 

(107) 

(108) 


where Ajki = PiSjk — PjSik- It was assumed that oi = 02 = —o, where the negative sign appearing in Eq. 
(11071) or Eq. (1 1051) . At a > 0, then o\ + 2 Pi — P 2 = 0 has the roots Pi = o? and P 2 = 3a^ with = p. The 
resulting commutators are consistent with the string theory, black holes physics and DSR 


[xi,pj] = ih 


Sij — o I pSij -\- 


?2El \ 4- q ,2 + iptPj) 


By Jacobi identity. 


P ) 


[xi,Xj] = [pi,Pj] = 0, 


(109) 


( 110 ) 


where a = ao ipi/h = ao/{Mpi c) and the Planck length ^ 1 0 m and energy Cpi = Mpi& ^ 10^^ GeV. 
At l-dimension, this GUP approach was formulated as 


AxAp > — (l — 2a (p)-I-4a^(p^)) . 


It is obvious that (Ap)^ = {p^) — (p)^ and therefore 

h 


Ax Ap > 


1 + 


V¥) 


-I- 4 a^ (Ap)^ -I- 4 a^ (p)^ - 2 a a/( p^) 


( 111 ) 


( 112 ) 
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The commutat ors and in equalities similar to the ones given in Eqs. (11091) and (lllll) have been proposed and 
derived in Ref. [M fl ^ . This implies a minimum measurable length and a maximum measurable momentum, 
simultaneously 

^ ~ O /i ~ OiQ £pl , (113) 

Ap < {Ap)max ~ ~ (114) 

a Qo 

and defines 

— ^Oii 

Pj = pojil-apo + 2a^pl). (116) 

We note that p^ = PojPoj satisfies the canonical commutation relations [xoi,poj] = ihSij and poj is defined 
as the momentum at low-energy scale, which is represented by poj = —ih d/dxoj, while pj is considered as 
the momentum at high-energy scale. It is assumed that the dimensionless parameter ao has value very close to 
unity. In this case, the a-dependent terms are important only when the energies (momenta) are comparable to 
the Planck energy (momentum), and the lengths are comparable to the Planck length. 

Regard less the wide range of applications in different physical systems, crucial difficulties are listed out 

[illllli: 

• It contains linear and quadratic terms of momenta with a minimum measurable length and a maximum 
measurable momentum. 


• It was claimed that when the energy becomes close the Planck limit, there should be a modification in 
Eq. (|116l) and this should ensure commutators of space, Eq. (IllOl) . as the canonical system, which can 
predict the measurable length and a maximum measurable momentum, simultaneously. 

• it is a perturbative approach. Therefore, it is only valid for small values of the GUP parameter a, 

• it can not approach the non-commutative geometry, see Eq. (ITTOl) . 

• it suggests a minimal length uncertainty which can be interpreted as the minimal length. The maximal 
momentum uncertainty differs from the idea of the maximal momentum which is required in DSR theories, 
where the maximal momentum given in uncertainty not on the value of the observed momentum, see Eq. 

dm, 

• it suggests momentum modification given in Eq. (I116L but does not achieve the commutator relation of 
the momentum space [pi,Pj] ^ 0, 

• its minimal length uncertainty with maximal momentum results in uncertainty instead of maximum ob¬ 
served momentum, see Eqs. (11131) and (11141) . and 

• the introduction of the minimal length (non-varnishing value) allows the study for the Hilbert space 
representation corresponding to the momentum wavefunction '>p(j>). 


B. Hilbert space representation 


In the first term of Eq. (lllll) . which is related to the momentum (refers to maximal momentum), various 
differences between the Hilbert space representation and the work of KMM [6^ can be originated. Assuming 
that the minimal observable length has a non-vanishing uncertainty, one should construct a new Hilbert space 
representation, which is compatible with the commutation relation accompanied with the GUP approach 


[xi,Pj\ = ihSij {l- ap + 2a‘^j^) . 


(117) 


But, when neglecting the minimal momentum uncertainty, there would still exist a continuous momentum space 
representation. This means that various physical applications of the minimal length by implementi ng co nvenient 
representation of the commutation relations on momentum-space wavefunctions can be explored |167l | 


Xi(()(p) = xoiil-apo + 2a^po‘^)(l){p), 


Pjcfiip) = Poj(l}{p), 


(118) 

(119) 
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where Pq = PojPoj satisfying the canonical commutation relations [xoi, poj] = ihSij and poj is defined as 
the momentum at low-energy scale which is represented by xoi = ih ^p^. 

These commutation relations imply a nonzero minimal uncertainty in each position coordinate (in ordinary 
QM, [pi, pj] = 0). Then, it is straightforward to show that 


[Xi, Xj] 


iha 



(P*X, 


P,X,). 


( 120 ) 


In light of this, one should be worry about the divergence in the KMM formalism at vanishing momentum. 
Therefore, ’’Singularity” is likely, because the derivative diverges at p = 0. However The commutation relations 
do not violate the rotational symmetry, the main difference with the ordinary QM appears in the relation 


[Xi, 


Xj] 



( 121 ) 


Lij = (Xi Pj — Xj Pi)/(1 — apo + 2a^po^) are the rotation generators (X and P are position and momentum 
operators, respectively). The action on a momentum-space wave function 


Lij4>{p) = -ih {p^dp^ - pjdp,) <j){p). (122) 

In the original KMM formalism , the 1 /P-term, which represents trace of effect of the maximal momentum, 
does not exist. The previous equation (11211) express the noncommutative nature of the spacetime manifold at 
the Planck scale. 


• The existence of an upper bound of momentum fits well with DSR. In this representation, the scalar 
product should be modified due to the presence of the additional factor (1 — apo + 2a^po^) and the 
maximal momentum. 


• The integrals are calculated betwe en — Pni and -fpp;, Planck momenta. This differs from the integration 
region in the KMM formalism [iiiiig and thus implies the existence of a maximal Planck momentum, 
Ppi = flTp/ c. 


/ +Ppi 

-Vt.! 


V’(p) 


dp. 


'-Ppi (1 - apo+ 2a2p2) 

Accordingly, the identity operator is given as [l67j 

\P){P\ , 

J.p^, (l-apo + 2a2p2) P ^ 

and the scalar product of the momentum eigenstates should be changed to 


(pIp') = {l-apQ + 2a^pl) 6 (p-p^ . 


(123) 


(124) 


(125) 


1. Eigenstates of position operator in momentum space 


It was proposed [Bfil . Il67l | that the position operator acting on the momentum-space eigenstates X. (p) = 

i 4’iip)^ where (f^ip) = (C|p) is the position eigenstate with |^) being an arbitrary state 


ih{l-apo + 2a^pl) dp (j)^{p) = ^ ^^{p). 


By solving this differential equation, the formal position eigenvectors can be derived 167 | 


hip) = ^ exp 


— % ■ 


(tan ^ 


ihVl V 


V7 


■ tan 


i dap — 1 


(126) 


(127) 
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The formal position eigenvector s in the momentum-space can be deduced when the factor C is extracted and 
normalized condition is applied [13 


hip) = 


2 

exp 


tan 


-1 


4app; - 1 




tan 


ih^/l V 


(Aappi A- 1 

hi 

_i f Aap — 1 

~hT~ 


-I- tan 


(128) 


The previous expression (11281) represents generalized momentum-space eigenstate of the position operator in 
prese nce of both minimal length and maximal momentum. The scalar product of the formal position eigenstates 

[13 


hhh) = 


r+Ppi 


dp 


I 7l- , n 2 2 ^ h'(P) h ip) ^ 

l-p^, {l-apo + 2a^p^) ^ 


^.VI 


■ Po exp 

r^Ppi exp 
' -Ppi 


-.hhl 

ahhl 

.KiiO 


tan 


1 


ihy/7 


tan 


hi 

( 4 OL p—1 ^ 

V7 ) 


(1 - apo + 2a2p2) 


dp, 


where po = 


tan-i +tan-i 


-1 


and therefore, 


hi'\h) = ^ 


exp < —i 




a, 


hhl 


V hi 


— exp < i 


hhl \ hi 


a 


with n = exp 

2 («-« ) 




—I ^ tan' 

h V7 


- (ff) 


For the formal position eigenvectors, the expectation value of the energy reads 


/ +Ppi 

(j)*,p 

-Ppl 


P 


hip) 


^ 2ml — ap + 2a'^p'^ 


dp 


ahlpo P^ hip) 

(Pp'P 


Am 


-Ppl 


? 2m 1 — ap -I- 2a2p2 


dp, 


and therefore [16 


Pi 

2 m 


hlpPi 


pi 


4m 


hip , ( ^-appi + 2hpli 

In ' 


32 m a A-a Ppi A-2 a'^ p'^i I 16 


m a 


(129) 


(130) 


(131) 

(132) 


(133) 


About this GUP approach, few remarks are on order now 

• As shown in previous sections, the energy spectrum is not divergent as the one related to the framework 
of KMM GUP-approach [^ , especially in the presence of both minimal length and maximal momentum, 

• but, it turns out also that the expec tatio n values of the energy as calculated by the GUP approach 
[1241 Il37l . Il 66 l| are no longer divergent [16^ ■ 

• It should be highlighted that the expectation values of energy are not lying within the domain of P, which 
physically means that they have infinite momentum uncertainty. 
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2. Maximal localization states 


In order to calculate the states of the maximum localization around the position it should be assumed 

. As in section IVIIIB 21 and by using Eqs. (11181) and (11191) and the differential 


that 


X = C 


equation in momentum space, Eq. (IMl) . then 


[ih{l — ap + 2a^p^)dp — (X)] + i H 


1 + 2 a^(Ap)^ + — a{p) ^ 

2 (A^P 


{p-{p))\Hp) ~ 0 


When taking into account that (X) = (^, (p) = 0 and Ap = the minimal position uncertainty can be 
deduced from the solution of this differential equation, which are correspondent to the states of absolutely 
maximal localization and critical momentum uncertainty. By normalization where the Planck momentum is of 
the order of magnitude as that of Ppi = then r\ = {4,appi — l)/\/7 = Ther efore, the momentum-space 

wavefunctions of states, which are maximally localized around (X) = C, |l67j | 






(1 -I- ap -I- 2a^p2) 4 

tan 1 1 ^ ^(i)-l-tan 




(134) 


It is apparent that the difference between this result and the one which was obtained in framework of KMM 
GUP | 6 fil | is due the presence of first-order momentum, Eq. (111811 . which implies the existence of a ma ximal 
momentum. The maximal localization states are now the proper physical states of the finite energy |l67l | 


c' 



2y/P ^t*{p)^^f{p) 

TT (l-ap + 2aV) 


This can be approximated as ~ (32 ma^) ^ 


(135) 


3. Quasiposition wavefunction transformation 

When projecting arbitrary states to maximally localized states, th e probab ility amplitude for the particle can 
be deduced. This is maximally localized around a concrete position |66l Il67j| . The tr ansfo rmation of a state in 
momentum wavefunction representation into its quasiposition wavefunction looks as [l67j| 


<^(0 


A 


r+Ppi exp 

(^)' 

^-Ppl [1 

- 1 - ap + 2o? (p^)]^ 


x;p(iiJC) 


(136) 


where A = \/6a [a/S exp( 77 tan ^( 77 )) — exp (—ry tan ^( 77 / 3 ))] ^ and H = 

2/ (ah^) [tan“^( 77 / 3 ) -I- tan“^((4ap — l)/-\/7)] are modified wavenumbers. Then, the modified wave¬ 
length in quasiposition wavefunction representation for the physical states reads A(p) = tt ali-\/7/[tan“^ ( 3 ) + 
tan“^ ((4ap — l)/-\/7)]. Because a is non-vanishing and p is limited to the Planck momentum, there should be 
no wavelength smaller than Aq = \{ppi) = {n a h'/7)/{tB,n~^{r]/3) -|-tan“^[(4appi — l)/-\/7]). By implementing 
the relation between energy and momentum, for instance through E = p^/2m, we get the energy 


U(A) = 


2 

ma^ 


tan 

+V7, 


2 


and E{Xo) = {Ppi)/{2m) which apparently agrees well with ordinary QM. 
In this approach. 


(137) 
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• all these expressions do not diverge, 

• they are important that they are distinguishable from the KMM where the quasiposition wavefunc- 
tions in contrast to the ordinary QM ripples^ because the energy of the short wavelength modes is divergent 
and 

• similar to the ordinary QM, those wavefunctions have ordinary fine ripples, because no longer divergence 
in the energy at Aq takes place. 

These are important results from this new GUP approach, especially the one, which guarantees both minimal 
length and maximal momentum. 


X. HIGHER-ORDER GUP 

Other GUP approaches propose higher-order modifications and solve some of the physical con¬ 
straints/problems appeared when applying either linear or quadratic GUP approaches. One alternative approach 
gives predictions for the minimal length uncertainty, section IX Al Second one foresees maximum momentum 
besides the minimal length uncertainty, section IX Bl An extensive comparison between three GUP approaches 
is elaborated in section IX Gl 


A. Minimal length uncertainty 


Nouicer suggested a higher-order GUP approach [127| . To the leading order, this agrees well with the GUP 
given in Eq. (EH), predicts a minimal length uncertainty and assures Heisenberg algebra, \x, p] = ih exp 
Apparently, this algebraic basis can be fulfilled from the representation of position and momentum operators 


Xip{p) = ihexp{l3p'^)dpilj{p), 
Pip{p) = pip{p), 

which are symmetric and imply modified completeness relation 

/ OO 

dp exp (-/3p^) (j)*{p) iffp). 

-OO 


(138) 

(139) 


(140) 


The scalar product of the momentum eigenstates changes to {p\p ) = exp 5{p — p )■ Also, the absolutely 

smallest position uncertainty is given as 


(Ax) 


min 



(141) 


B. Minimal length and maximal momentum uncertainty 


Another higher-order GUP approach was proposed in Ref. assuming n-dimensions and implying 

both minimal length uncertainty and maximal observable momentum, 

where p^ = Yj PjPj- If fli6 components of the momentum operator are assumed to commutate, [Pi, Pj] = 0. 
The Jacobi identity determines the commutation relations between the components of the position operator 


2 z fi/3 


{YX,-P,X,), 


[X^, X,] 


(1 — (dp^Y 


(143) 
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which apparently results in a non-commutative geometric generalization of the position space. In order to fulfil 
these commutation relations, the position and momentum operators in the momentum space representation 
should be written as 


^ (144) 

Pj^ip) = P^- (145) 

In 1-dimension, the symmetricity condition of the po sition operator implies modified completeness relation with 
a domain varying from — l/v(d to -fl/v^ 

/* + !/ y/]5 

= / dp{l- (146) 

J-i/VP 

Apparently, this result differs from KMM [^ . 

Furthermore, the scalar product of the momentum eigenstates will be changed to {p\p ) = 5{p — p )/(l — (ip^). 
Also, the p artic l e’s m omentum is bounded from above, Pmax = I/a/?- Th® presence of an upper bound agrees 
with DSR |ll6l . IllTjl . As we shall see, the physical observables such as energy and momentum are not only 
non-singular, but they are also bounded from above, as well. The absolutely smallest uncertainty in position 
reads 


(AA)^,„ = ^h^. (147) 

• This new GUP approach fl2M[l2^ estimates the minimal length uncertainty and the maximal observable 
momentum, simultaneously. 

• It includes a quadratic term of the momentum and apparently assures non-commutative geometry. 

• The maximal observable momentum agrees with the one estimated in DSR [HE [113. 

• If the binomial theo rem is applied on this GUP approach, the GUP approach which was predicted in 
string theory SEoi, black hole physics [3, El can be reproduced. 

On the other hand, it is worthwhile to notice that this new GUP* approach does not agree with the 

commutators relation which was predicted in DSR [iiiini. The latter contains a linear term of momentum 
that is responsible for the existence of maximal observable momentum. 


C. Comparison between higher-order GUP approaches 

Tab. IX Cl summarizes an comprehensive co mpari son between the GUP approaches of KMM [gE, Ali, Das, 
Vagenas (ADV) [HI [HI] and Pedram |l25l . Il26j| . The minimum position uncertainty varies from ha or 
h'/P (both are equivalent) and y/PPhajd:, respectively. There is a maximum momentum uncertainty in ADV, 
although, it is wrongly called maximum momentum. The maximum momentum diverges in KMM, while it 
remains finite, l/4a and I/v/?, respectively, in ADV and Pedram. The momentum operator and resulting 
geometry remain unchanged in all approaches. The position operator characterizes the different approaches. 
The maximum localised state slightly varies. The resulting energy (wavelength) related to quasiposition and 
wavefuction are very characteristic. 


XI. BOUNDS ON GUP PARAMETER 

The GUP parameter a = aQl{Mpc) = a^lplh. The Planck length ^p k, 10“^^ m a nd t he Planck energy 
MpC^ Ri 10^® GeV. ao, the proportionality constant, is conjectured to be dimensionless [l24j . In natural units 
c = h = I, a will be in GeV~^, w hile in the ph ysical units, a should be in GeV“^ times c. The bounds on 
aoi which was summarized in Ref. |136l 11371 Il68l |. should be a subject of precise astronomical observations, for 
instance gamma ray bursts da. 
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Comparison 

KMM 

ADV T24. 166] 

Pedram [125,42^ 

Algebra [x, p] 

ih (i -1- Pp^) 

ih (l — ap -\- 2a^p^) 

ih 

(^^x'jrnin 

hVP 

ha 

^hp 

(^^P'jmax 

- 

Mpic 

- 

P 

J- max 

Divergence 

(t7) 



p(j}{p) 

pcf>{p) 

ppip) 

X.0(p) 

ih (1 -1- Pp^) dp(j){p) 

ih (l — ap -|- 2a^p^) dp4>{p) 

T^^ppip) 

Geometry 

[xi, Xj^ ^ 0 

\xi^ Xj\ 7^ 0 

[xi, Xj^ 7^ 0 

/ \ 

\ 2rri / —localize — state 

1 

2md 

1 

Z2moL^ 

3 

2m8 

(^/(A) or quasi—position 

1 ( 2nh^\‘^ 

2 { y 

27rh 

27nl3 X ) 

”1“'' tan(ii^)7r-|-y7 / 

(1— ^m0E)y/2mE 

Ao of wavefuntion 

4:hi/p 

T^OLh\/7 

(tan-l 2+tan-l ) 

3nh^/P 


Tab . I: A comparison between the main features of the GUP approaches that were proposed by KMM [^, ADV 
[124 Il66l| and Pedram [l25l . Il26l| . 


• Other alt erna tives by the tunnelling current in scanning tunnelling microscope and the potential barrier 
problem [l69|| . where the energy of the electron beam is close to the Fermi level. It was found tha t 
the varying tunnelling current relative to its initial value is shifted due to the GUP effect |l68l . Il69|| . 
51 /Iq ~ 2.7 X 10“^^ times Oq . In case of electric current density J relative to the wave function 'I', the 
current accuracy of precision measurements reaches the level of 10“^. Thus, the upper bound Oq < 10^^. 
Apparently, a tends to order 10“^ GeV“^ in natural units or 10“^ GeV“^ times c in phys ical units . Thi s 
quantum-mechanically-derived bound is consistent with the one at the electroweak scale |l36l . 

Therefore, thi s could signal an intermediate length scale between the electroweak and the Planck scales 

pR IT M IT^. 


• On the other hand, for a particle with mass m mass, electric charge e affected by a constant magnetic 
field B = Bi K. Tesla, vector potent ial A = B xy and cyclotron frequency ojc = eB/m^ the Landau 
energy is shifted due to the GUP effect |l68l . Il69j| by 


at;, 


n{GUP) 


En 


= —VSm a {hujc)^ [n + 


-10 


-27 


Q!0- 


(148) 


Thus, we conclude that if ag 1, then AEn(Qijp^/En is too tiny to be measured. But with the current 
measurement accuracy of 1 in 10^, the upper bound on ao < 10^^ leads to a = 10“^ in natural units or 
a = 10“^ times c in the physical units. 

• Similarly, for the Hydrogen atom with Hamiltonian H = Hq + Eli, where standard Hamiltonian EIq = 
p^/(2m) — k/r and the first pertu rbation Hamiltonian Hi = —ap^/m, it can be shown that the GUP 
effect on the Lamb Shift [l68l ll69l | reads 


^En(Qpp-) 


10-2^ ao- 


(149) 


Again, if ao 1, then AEn^Qpp-^/En is too small to be measured, while the current measurement accuracy 

gives 10^^. Thus, we assume that ao > 10“^°. 

In light of this discussion, should we assume that the dimensionless ao has the order of unity in natural 
units, then a equals to the Planck length k, 10“^^ m. T he current experiments seem not be able to register 
discreteness smaller than about 10“^-th fm, k. 10“^® m fIM H^ . We con clude that the assumption that 
ao ^ 1 seems to contradict various observations [la and experiments |l68lll69l |. Therefore, such an assumption 
should be relaxed to meet the accuracy of the given experiments. Accordingly, the lower bounds on a ranges 
from 10“^° to 10“^ GeV“^. This means that ao ranges between 10® c to 10^^ c. 
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Fig. 1: The ratio of tonsorial-to-scalar density fluctuations, r, in dependence on calculated for the inflation 

potentials V 2 {<j>) and The dashed curves are evaluated at a = 10“^ GeV“^, while the solid curves at 

a = IQ-i® GeV^ 



Fig. 2 : The same as in Fig. [T]but for the spectral index Us vs. (filMp. 


Fig. [T] shows the ratio of tonsorial to scalar density fluctuations r in dependence on The dashed 

curves are evaluated at a = 10“^ GeV“^, while the solid thick curves at a = 10“^® GeV“^. The earlier 
value is corresponding to cto = 10^^ while the latter to ao = 1- It is obvious that the bounds on cto do no 
affect the ratio of tonsorial to scalar density fluctuations r in dependence on (j)/Mp. The behavior of the 
tonsorial to scalar ratio is limited by the modified Friedmann equation due to GUP, where the GUP physics is 
related to the gravitational effect on such model at the Planck scale. The GUP parameter a - appearing in the 
modified Friedmann equation - should play an important role in bringing the value of r very near to PLANCK, 
?'o.oo 2 < 0.11 — 0.12 at 95% conhdence level. According to Eq. (11561) . a breaks (slows) down the expansion rate. 
It is obvious that the parameters related to the Gaussian sections of the three curves match nearly perfectly 
with the results estimated by the PLANCK collaboration (compare with Fig. |3l). 

Fig. [5] shows the variation of the spectral index, rig, with scalar field for the three inflation potentials, Eqs. 
(I157L (11581) and (11591) . Again, the dashed curves are evaluated at a = 10“^ GeV“^, while the solid thick curves 
at a = 10“^® GeV“^. It is obvious that the bounds on ao do no affect the dependence of spectral index, Ug on 
(l)/Mp. 
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XII. RECENT COSMIC INFLATION OBSERVATIONS 


For a while, it was believed that the background imaging of cosmic ex traga lactic polarization (BICEP2) 
telescope at the south pole gives a possible evidence for cosmic inflation [l70j| . Such observations wrongly 
misconduct an interpretation as a first direct observation for the inflation and test signatures for the quantum 
gravitational processes in the inflationary er a, in which a primordial density and gravitational wave fluctuations 
are created from the quantum fluctuations [l7ll Il72ll. The ratio of scalar-to-tensor fluctuation, r, w hich is a 
canonical measurement of the gravitational waves |17Mll74j . has been estimated, r = 0.21q q 5 |17CI|| . Recent 
PLANCK observations revealed that interstellar dust caused more than 50% of the signal detected by BICEP2 

[l7l[l23- 

The proposed values of tensor-to-scala r ratio, r , require that the inflation fields are as large as the Planck 
scale. This idea is known as Lyth bound which estimates the change of the inflationary field A^, 


A(/) 



(150) 


Where AN denotes the number of e-folds corresponding to the observed scales in the CMB left the inflationary 
horizon. 


A. Cosmic inflation models 

We apply QG approaches (GUP) in order to estimate PLANCK observations for the ratio of scalar-to- 
tensor fluctuation, r. The modified Heisenberg commutator for higher order GUP by implementing convenient 
representation of the commutation relat ions on momentum-space allows the usage of Poisson brackets between 
the scale factor a and momenta pa |l28j 


{a. Pa} = 1 - 2apa- 

Accordingly, the equations of motion get modifications 

(l-2apa) + + 


Pa = {a, Pa}- 


da 


\ 3 SttG 


da 


The Hamiltonian constraint reads 


21:0 pi 3 o 

T~L = --^ Ka + a^p = 0 . 


3 a SttG 


The modified Priedmann equation is 


\ 3 


1 - 


3aa^ / SttG k 


ttG 


3 


1 / 2 ' 


By taking into consideration the standard case, i.e. a vanishes and assuming flat Universe, i.e. At = 0, 

SttG 


= 


-P 


1 — 3 a 


A/2 


37rG‘ 


(151) 


(152) 


(153) 


(154) 


(155) 


The different inflation parameters are characterized by the scalar field (j) and apparently contribute to the total 
energy density [nlliii- By taking into account the cosmic background (matter and radiation) energy density, 
the scalar field is assumed to interact with the grav ity and w ith itself. Under the assumption of homogeneity 
and isotropy of Eriedmann Universe (V()))^ <C %(</>) |l73l . Il74| . also when assuming that the scalar field changes 
very slowly so that the acceleration would be neglected ^ <C 3 77 (Mini, the principle condition for the 
expansion is where the kinetic energy is much less than the potential energy <g; U(^) In order to 

























30 


relate the cosmological scale with the Plank mass Mp = {h/c) (A/3)^^^, the modified Friedmann equation, Eq. 
(I154L becomes 


= 


47r 

3iw| 


3M4 

Vi^) + 


— 3aa^ 


16 M2 
37r 


F(<^) 


3M4 

47r 


-1 3/2' 


(156) 


There are various cosmic infiation models, for instance 

• First one is b ased on certain minimal supersymmetric extensions of the standard model for elementary 
particles |l8Cll | 


^1(0)= 


'2y/Xi 


+ ' I 


(157) 


which is an 5-dual inflationary potential [181|. 

Second one is originated in the Dirac quantization condition of the electric and magnetic charges [l82j| . 


V2{4>) = Vosech. \^jj. 

• The third one is the power-law inflation model with the free parameter d |l83l . Il84| , 

n 2 


(158) 


Vsi^) = 


3M^d- 

3271 


1 — exp — 


16 ^ 1/2 


3M2 


(159) 


As we shall discuss in the section that follows, the results from the first two infiation potentials disagree with 
the recent PLANCK observations, while the third one does not, Fig. [3] and Tab. IX Cl 


B. Recent PLANCK observations 


The ratio of tensor-to-scalar fluctuations are given as [TMT^ 

/ ■ \ 2 


Ei 

Ps 


H 


where the tensorial pt and scalar density fluctuations respectively reads |l84l - ll87 | 
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2 TT 
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1- Sin ' 
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sm 


6 M2 
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(161) 

(162) 


It is obvious that the GUP effects, the a-terms in the modified Friedmann equation, partly takes into account 
the QG effects. This terms reduce the denominator of the tonsorial-to-scalar density fluctuations, the Hubble 
parameter, H. Thus, the fluctuations ratio increases with decreasing H. 

In Fig. O confronts our parametric dependence of the spectral index Ug and the ratio r to P LANCK marginal¬ 
ized joint contours for r vs. ng at 68% and 95% confidence level and previous observations |l76l |. Both parametric 
quantities are functions of cj), Eq. (11601) . We find that the recent PLANCK observations (smaller contour) is 
fairly crossed by our parametric calculations from the power low inflation model, Eq. (11591) . Eig. [3] illustrates 
significant improvement (red and blue contours) with respect to previous Planck data release (gray contours). 
It shows no BICEP data. 
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Planck 2013 
Planck TT+lowP 
Planck TT,TE,EE+lowP 


0,9C 


0.98 


1.1 


0.94 


Primordial tilt (n^) 


Fig. 3: PLANCK marginalized joint contours for r vs. Us at 68 % and 95% confidence level (red and blue contours) 
compared to previous observations (gray contours), Fig. 6 in |l76l| . and to our parametric calculations (line). 


A((>/Mp£ 

r 

ris 

0.32 

0.0128 

0.9346 

0.34 

0.0104 

0.9412 

0.36 

0.0084 

0.9470 

0.38 

0.0069 

0.9522 

0.40 

0.0056 

0.9567 

0.42 

0.0046 

0.9607 

0.44 

0.0038 

0.9643 

0.46 

0.0031 

0.9676 

0.48 

0.0026 

0.9705 


Tab. II: Within the ris-region analysed by PLANCK, the ratios of tonsorial to scalar density fluctuations r and the 
scalar field inflation potentials, V 3 {<j)), Eq. (I159II are determined. 


Table IXCl summarizes scalar field inflation potential A(j)/Mpi and ratios of tonsorial to scalar density fluctu¬ 
ations r within the rig-region which was analysed by PLANCK. 

So far, we conclude that depending on the inflation potential V(r/>) and the scalar held the GUP approaches 
seem to explain a considerable part of the recent PLANCK observations on the upper bound on the tensor- 
to-scalar ratio, 1 - 0,002 < 0.11 at 95% confidence level, when the PLANCK high-.^ polarization data is included. 
This fits well with the upper limit according to 5-mode polarization constraint, r < 0.12 at 9 5 % at confidence 
level, which was obtained from a joint analysis of PLANCK, B1CEP2, and Keck Array data |l75l |. Tab. HIl 


XIII. DISCUSSION AND FINAL REMARKS 

The Heisenberg uncertainty principle expresses one of the fundamental properties of the quantum systems. 
Accordingly, there should be a fundamental limit of the accuracy with which certain pairs of physical observables, 
such as the position and momentum, time and energy, can be measured, simultaneously. In other words, the 
more precisely one observable is measured, the less precise the other one can be estimated. In QM, the physical 
observables are described by operators acting on the Hilbert space representation of the states. Thus, the 
Heisenberg uncertainty principle uses operators in describing the relation between various pairs of uncertainties. 

The quantum aspects of the gravitational fields can emerge in a limit, in which the different types of inter- 
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actions, like strong, weak and electromagnetism can be distinguished from each other. In string theory, the 
particles are conjectured to stem from fundamental strings. This fundamental scale is nothing but the string 
length, which is also supposed to be in order of the Planck length. The string cannot probe distances smaller 
than its own length. The current researches of the quantum problems in the presence of gravitational field at 
very high-energy near to the Planck scale implies new physical laws and even corrections to the space-time. The 
quantum field theory in curved background can be normalized by introducing a minimal observable length as 
an effective cutoff in the ultraviolet domain. 

We have reviewed different approaches for GUP, which predict an existence of a minimal length uncertainty. 
The non-zero length uncertainty expresses a non-zero state in the description of the Hilbert space representation 
and is able to fulfil the non-commutative geometry. These should have impacts on the discreteness and the 
quantization of space and on the aspects related to the quantum field theory. The elicitation of the minimal 
length from various experiments, such as string theory, black hole physics and loop quantum gravity, imitates 
the quantum gravity. All of them predict corrections to the quadratic momentum in the Heisenberg algebra. 
Many authors represent such algebra under modification in the position operator which fits with the Hilbert 
space representation and takes into consideration the states of space (eigenvectors) corresponding to the energy 
(eigenvalue). Others represent such modified algebra by modification in the linear momentum. This is motived 
by momentum modihcation at very high energy, which is supposed to fulfil the Hilbert space representation but 
also approves the idea of modified dispersion relation of the energy-momentum tensor. 

Doubly special relativity is conjectured to provide a GUP approach with an additional term reflecting the 
possibility to deduce information about the maximum measurable momentum. This new term and the one, 
which is related to the minimal uncertainty on position are - in modified Heisenberg algebra - of first order of 
momentum. Some authors suggest a combination of all previously-proposed GUP-approaches in one concept, 
as anticipated in DSR and the string theory, black hole physics and Loop quantum gravity. Others prefer 
to revise the GUP of a minimal length in order to overcome some constraints. Another suggestion for the 
GUP-dependent on Feynman propagator seems to suffer from an exponential ultraviolet cutoff. All of these 
verify the predication of minimal length at very high energy, despite of the different physical expression or the 
algebraic representation of Heisenberg principle. In summary, we have different GUP-approaches with many of 
applications in various branches of physics. 

An unambiguous experiment evidence to ensure these ideas is till missing. Some physicists prefer to deny 
due to their convention. Some have other objections. Here we review both points-of-views. The value of the 
GUP parameter remains another puzzle to be verified. For example, the principles of GR developed by Einstein 
are seen as solid obstacles against the interpretation of the GUP approaches, which are thought to violate the 
equivalence principle, for instance. In thermodynamics, the natural property of the kinetic energies is assumed to 
be violated under the consideration of these approaches. As a reason, the symmetries can be broken in quantum 
field theory. Furthermore, the value of the Keplerian orbit and the correction of the continuity equation for 
some fields are no longer correct. 

In the present review, we have summarized all these proposals and discussed their difficulties and applications. 
We aimed to elucidate some of these proposals. On the other hand, from various ”gedanken” experiments, which 
have been designed to measure the area of the apparent black hole horizon in QG, the uncertainty relation seems 
to be preformed. The modified Heisenberg algebra, which was suggested in order to investigate GUP, introduces 
a relation between QG and Poincare algebra. Under the effect of GUP in an n-dimension space, it is found 
that even the gravitational constant G and the Newtonian law of gravity are subject of modifications. The 
interpretation of QM through a quantization model formulated in 8-dimensional manifold implies the existence 
of an upper limit in the accelerated particles. Nevertheless, the GUP approaches given in forms of quadratic 
and linear terms of momenta assume that the momenta approach some maximum values at very high energy 
(Planck scale). 

In supporting the phenomena that uncertainty principle would be affected by QG many examples can be 
mentioned. In context of polymer quantization, the commutation relations are given in terms of the polymer 
mass scale. The standard commutation relations are conjectured to be changed or - in a better expression 
- generalized at Planck length. Such modifications are supposed to play an essential role in the quantum 
gravitational corrections at very high energy. Accordingly, the standard uncertainty relation of QM should 
be replaced by a gravitational uncertainty relation having a minimal observable length of the order of the 
Planck length. On the other hand, the detectability of quantum space-time foam with gravitational wave 
interferometers has been addressed. The limited measurability of the smallest quantum distances has been 
criticized. An operative definition for the quantum distances and the elimination of the contributions from the 
total quantum uncertainty were given. In describing the quantum constraints on the black hole lifetime, Wigner 
inequalities have been applied. It was found that the black hole running time should be correspondent to the 
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Hawking lifetime, which is to be calculated under the assumption that the black hole is a black body. Therefore, 
the utilization of Stefan-Boltzmann law is eligible. It is found that the Schwarzschild radius of black hole is 
correspondent to the constraints on the Wigner size. Furthermore, the information processing power of a black 
hole is estimated by the emitted Hawking radiation. 

There are several observations supporting GUP approaches and offer a valuable possibility to study the 
influence of the minimal length on the properties of a wide range of physical systems, especially at quantum 
scale. The effects of linear GUP-approach have been studied on the compact stars, the Newtonian law of gravity, 
the inflationary parameters and thermodynamics of the early Universe, the Lorentz invariance violation and the 
measurable maximum energy and minimum time interval. It was observed that GUP can potentially explain 
the small observed violations of the weak equivalence principle in neutron interferometry experiments and also 
predicts a modified invariant phase-space which is relevant to Lorentz transformation. It is suggested that GUP 
can be measured directly in Quantum Optics Lab. 

The experimental tests for Lorentz invariance become more accurate. A tiny Lorentz-violating term can 
be added to the conventional Lagrangian, then the experiments should be able to test the Lorentz invariance 
by setting an upper bound to the coefficients of this term, where the velocity of light c should differ from 
the maximum attainable velocity of a material body. This small adjustment of the speed of light leads to 
modification in the energy-momentum relation and adding to the vacuum dispersion relation which could be 
sensitive to the type of candidates for the quantum gravity effect that has been recently considered in the particle 
physics literature. In additional to that, the possibility that the relation connecting energy and momentum in 
the special relativity may be modified at the Planck scale, because of the threshold anomalies of ultra-high 
energy cosmic ray (UHECR) is conventionally named as Modified Dispersion Relations (MDRs). This can 
provide new and many sensitive tests for the special relativity. Accordingly, successful researches would reveal 
a surprising connection between the particle physics and cosmology. The speed of light not limited to that, but 
do many searches for the modification of the energy-momentum conservations laws of interaction such as pion 
photo-production by the inelastic collisions of the cosmic-ray nucleons with the cosmic microwave background 
and higher energy photon propagating in the intergalactic medium which can suffer inelastic impacts with 
photons in the Infra-Red background resulting in the production of an electron-positron pair. 

The systematic study of the black hole radiation and the correction due to entropy/area relation gain the 
attention of theoretical physicists. For instance, there are nowadays many methods to calculate the Hawking 
radiation. Nevertheless, all results show that the black hole radiation is very close to the black body spectrum. 
This conclusion raised a very difficult question whether the information is conserved in the black hole evaporation 
process? The black hole information paradox has been a puzzled problem. The study of the thermodynamic 
properties of black holes in space-times is therefore a very relevant and original task. For instance, based on 
recent observation of supernova, the cosmological constant may be positive. The possible corrections can be 
calculated by means of approaches to the quantum gravity. Through the comparison of the corrected results 
obtained from this alternative approaches, it can be shown that a suitable choice of the expansion coefficients 
in the modified dispersion relations leads to the same results in the GUP approach. 

The existence of minimal length and maximum momentum accuracy is preferred by various physical obser¬ 
vations. Thought experiments have been designed to illustrate influence of the GUP approaches on the funda¬ 
mental laws of physics, especially at the Planck scale. The concern about the compatibility with the equivalence 
principles, the universality of gravitational redshift and the free fall and reciprocal action law should be ad¬ 
dressed. The value of the GUP parameters remains a puzzle to be verified. Furthermore, confronting GUP 
approaches to further applications would elaborate essential properties. The ultimate goal would be an empiri¬ 
cal evidence that the same is indeed quantized and its fundamental is given by the minimal length accuracy. If 
the current technologies would not able to implement this proposal, we are left with the empirical prove that 
the modifications of various physical systems can be estimated, accurately. To this destination, we should try 
to verify the given approaches, themselves. We believe that the compatibility with MDR would play the role 
of the Rosetta stone translating GUP in energy-momentum relations. The latter would have cosmological and 
astrophysical observations. 
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